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Generalized Sasaki metrics on tangent bundles
by
Izu Vaisman
ABSTRACT. We define a class of metrics that extend the Sasaki metric of a
tangent manifold of a Riemannian manifold. The new metrics are obtained by
the transfer of the generalized (pseudo-)Riemannian metrics of the pullback
bundle pi−1(TM ⊕ T ∗M), where pi : TM → M is the natural projection.
We obtain the expression of the transferred metric and we define a canonical,
metric connection with torsion. We calculate the torsion, curvature and Ricci
curvature of this connection and give a few applications of the results. We also
discuss the transfer of generalized complex and generalized Ka¨hler structures
from the pullback bundle to the tangent manifold.
1 Introduction
We use the typical notation of differential geometry, e.g., Γ for spaces of global
cross sections of bundles, χ for the space of vector fields, Ω for spaces of differ-
ential forms, etc. Everything will be C∞-smooth, except along the zero section
of a vector bundle, where continuity may suffice. We assume that the reader
is familiar with the geometry of a tangent manifold (everything needed below
may be found in [13]). We also assume that the reader is familiar with Lie and
Courant algebroids [6] and with generalized structures [5].
Subsection 2.1 contains preliminaries on tangent manifolds TM (by TM we
mean the total space of the tangent bundle π : TM → M of the manifold M)
including Bott connections, tangent metrics and the definition of various identi-
fication isomorphisms between vector bundles over TM . In Subsection 2.2 the
basic results concerning generalized metrics and structures are transposed from
the big tangent bundle TM = TM⊕T ∗M to the pullback bundle π−1(TM). In
Subsection 3.1 we define the generalized Sasaki metrics by transferring the gen-
eralized metrics of π−1(TM) to TTM . We give the expression of such a metric
and define a corresponding, canonical, metric connection with torsion whose
basic ingredient is a Cartan connection similar to that of Finsler geometry [1].
*2000 Mathematics Subject Classification: 53C15.
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We calculate the torsion, curvature and Ricci curvature of this connection and
give some applications. In Subsection 3.2, motivated by the role of generalized
geometry in string theory [14], we discuss the transfer of generalized complex
and generalized Ka¨hler structures from π−1(TM) to the tangent manifold TM .
2 Preliminaries
In this section we recall the terminology, notation and important definitions from
the geometry of tangent bundles. Then, we recall basic results from generalized
geometry, while transferring them to the pullback of the big tangent bundle of
a given manifold to the tangent manifold.
2.1 Geometry of tangent bundles
Let M be an m-dimensional manifold Mm. Then, on TM , we have local co-
ordinates (xi, yi) (i = 1, ...,m), where (xi) are local coordinates on M and
(yi) are vector coordinates (velocities) with respect to the basis ∂/∂xi. The
corresponding coordinate transformations are
x˜i = x˜i(xj), y˜i =
∂x˜i
∂xj
yj (2.1)
(we use the Einstein summation convention). The fibers of TM define the
vertical foliation xi = const. and its tangent, vertical bundle V .
We will denote by an upper index v, c vertical lifts and complete lifts, re-
spectively, and we recall the formulas [13]
Xv = ξi
∂
∂yi
, Xc = ξi
∂
∂xi
+ yj
∂ξi
∂xj
∂
∂yi
,
αv = π∗α = αidx
i, αc = αidy
i + yj
∂αi
∂xj
dxi,
where X = ξi(∂/∂xi), α = αidx
i.
The formula SX = (π∗X )v (X ∈ T (TM)) defines a tensor field S ∈ End(TTM),
called the tangent structure of TM , with the properties S2 = 0, imS = ker S =
V , NS = 0, where NS is the Nijenhuis tensor
NS(X ,Y) = [SX , SY]− S[SX ,Y]− S[X , SY] + S
2[X ,Y]. (2.2)
Usually, it is convenient to choose a horizontal bundle, also called a nonlinear
connection, i.e., a complementary distribution H of V (TTM = H ⊕ V). A
vector X ∈ TxM has a horizontal lift Xh ∈ T(x,y)TM characterized by X
h ∈
H(x,y), π∗X
h = X . The horizontal lifts of ∂/∂xi yield a local tangent basis of
TM
Xi =
(
∂
∂xi
)h
=
∂
∂xi
− tji
∂
∂yj
,
∂
∂yi
(2.3)
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with the dual cotangent basis
dxi, θi = dyi + tijdx
j , (2.4)
where tji are local functions on TM , known as the coefficients of the nonlinear
connection H. By the first equality (2.3) a change of coordinates x˜i = x˜i(xj)
implies X˜i = (∂x
j/∂x˜i)Xj and, then, (2.1) implies that the coefficients of the
connection change by the rule
t˜ji =
∂x˜j
∂xk
∂xh
∂x˜i
tkh −
∂xh
∂x˜i
∂2x˜j
∂xh∂xl
yl. (2.5)
The notion of a horizontal lift has a natural extension to arbitrary tensors
[13]. S|H : H → V is an isomorphism and we will denote by S
′ the tensor equal
to (S|H)−1 on V and to zero on H. The tensor fields PH = S + S′ defines an
almost paracomplex structure of TM .
Definition 2.1. With a fixed choice of the horizontal bundle H, a Bott connec-
tion on TM is a linear connection ∇ that preserves the subbundles H,V and
satisfies the conditions
∇XY = prV [X ,Y], ∇YX = prH[Y,X ]. (2.6)
If D is an arbitrary, linear connection, the addition of the derivatives
∇XX
′ = prHDXX
′, ∇YY
′ = prVDYY
′ (X ,X ′ ∈ H, Y,Y ′ ∈ V) (2.7)
defines a connection ∇D, which we call the Vra˘nceanu-Bott connection.1 If D
has no torsion, ∇D has the torsion
T∇D(Z1,Z2) = −prV [prHZ1, prHZ2] = −RH(Z1,Z2), (2.8)
where Z1,Z2 ∈ χ(TM) and RH is the Ehressmann curvature of the non-linear
connection H.
Hereafter, the use of the term “horizontal” implies the fact that a horizontal
bundle has been chosen and the terms “vertical tensor”, “ horizontal tensor”
refer to tensors on the bundles V ,H, respectively. If necessary, we will look at
vertical, respectively, horizontal tensors as tensors on TM by extending them by
zero when evaluated on at least one horizontal, respectively, vertical argument.
On the other hand, we can reflect (transfer) vertical tensors to horizontal tensors
and vice-versa by S, S′, respectively. The reflection of τ will be denoted by τS ,
if τ is horizontal, respectively, τS
′
, if τ is vertical.
Definition 2.2. A tangent metric is a (pseudo-)Riemannian metric2 γ on TM
with a non degenerate, restriction γV , such that
γ(SX , SX ′) = γ(X ,X ′), ∀X ,X ′ ⊥γ V .
1In [2], the author traced back the history of this connection to a 1931 paper by G.
Vra˘nceanu [12].
2“Pseudo” ia added if the metric is not positive definite.
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If γ is a tangent metric, H = V⊥γ is a horizontal bundle and γV , g = γH are
a vertical, respectively horizontal, metric such that
γV(SX , SX
′) = g(X ,X ′).
The mapping γ 7→ (H, g) is a bijection between tangent metrics and pairs con-
sisting of a horizontal bundle and a horizontal metric. The metric g has the
local expression
g = gij(x, y)dx
i ⊗ dxj , gij = gji, rank(gij) = m.
For a given horizontal bundle H, γ is a corresponding tangent metric iff H ⊥γ V
and
γ(PHZ,Z
′) = γ(Z, PHZ
′), ∀Z,Z ′ ∈ TTM. (2.9)
In particular, the horizontal metric may be a Lagrange metric gL with com-
ponents gij = ∂
2L/∂yi∂yj , where L is a function on TM such that rank(gij) =
m (a regular Lagrangian)3 [3]. If L = F2 where F is positive, positive homoge-
neous of degree 1, and gF2 is positive definite, then, F (and gF2) is a Finsler
metric [1]. We recall that a regular Lagrangian L defines a canonical horizontal
bundle HL [1, 3].
Let γ be a tangent metric associated to a pair (H, g) and D the Levi-Civita
connection of γ. The corresponding Vra˘nceanu-Bott connection ∇D is called
the canonical connection of γ.
The Cartan tensor of a horizontal metric (and of the corresponding tangent
metric) is the horizontal tensor defined by
C(X ,X ′,X ′′) = ∇DSX g(X
′,X ′′), X ,X ′,X ′′ ∈ H. (2.10)
The local expression of C is
C =
∂gij
∂yk
dxk ⊗ dxi ⊗ dxj ,
where gij = g(Xi, Xj) with Xi given by (2.3). It follows that C = 0 iff g is the
lift of a metric ofM and C is totally symmetric iff each point has a neighborhood
where g is a Lagrange metric.
On the other hand, Finsler geometry suggests to introduce the Cartan con-
nection
∇CZZ
′ = ∇DZZ
′ +Ψ(Z,Z ′), (2.11)
where Z,Z ′,Z ′′ ∈ TTM and Ψ is defined by
γ(Ψ(Z,Z ′),Z ′′) =
1
2
C(S′Z,Z ′,Z ′′).
Therefore, Ψ(Z,Z ′) ∈ H and Ψ(Z,Z ′) = 0 unless Z = Y ∈ V ,Z ′ = X ∈ H.
Using (2.10), it follows that (∇CZγ)(X ,X
′) = 0 for all Z ∈ TTM,X ,X ′ ∈ H.
3Sometimes, L itself is called a Lagrange metric
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The Cartan connection preserves the horizontal and vertical subbundles, but, it
is not a Bott connection. The torsion of the Cartan connection is equal to that of
∇D for two horizontal and two vertical arguments and T∇
C
(X ,Y) = −Ψ(Y,X )
if X ∈ H,Y ∈ V .
We will be interested in the vector bundles π−1(TM) and π−1(TM). The
mapping
((x, y), X ∈ TxM) 7→ X
h ∈ H(x,y)
is a vector bundle isomorphism π−1(TM) ≈ H with the inverse defined by π∗
and the mapping
((x, y), (X,α)) ∈ TxM) 7→ (X
h, π∗α) ∈ H(x,y) ⊕ (annV) (2.12)
is a vector bundle isomorphism π−1(TM) ≈ H ⊕ H∗. We will denote both
mappings by the same symbol h.
The mapping
((x, y), X ∈ TxM) 7→ X
v = SXh
is an isomorphism π−1(TM) ≈ V with the inverse defined by π∗ ◦ S
′, and the
mapping
((x, y), (X,α) ∈ TxM) 7→ (X
v = SXh, [αc]annV = [(π
∗α) ◦ S′]annV)
is an isomorphism π−1(TM) ≈ V⊕ (T ∗M/annV) ≈ V⊕V∗. The inverse of this
isomorphism has the following local expression
(ηi(x, y)
∂
∂yi
, νi(x, y)[θ
i]annV) 7→ ((x, y), (η
i ∂
∂xi
, νi(x, y)dx
i)),
where θi is defined by (2.4). We will denote the two mappings by the same
symbol v and notice the formulas
v ◦ h−1(X , ν) = (SX , ν ◦ S′), h ◦ v−1(Y, κ) = (S′Y, κ ◦ S), (2.13)
where X ∈ H, ν ∈ annV ,Y ∈ V , κ ∈ annH.
If TM is endowed with a tangent metric γ with the corresponding horizontal
bundleH ⊥γ V and horizontal metric g, there are other interesting isomorphisms
too. We indicate the whole picture in the following commutative canonical
identification diagram
H⊕H∗
i
−→ TTM
π−1TM
h
ր
ց
v
vh−1 ↓ ↑ hv−1 ↓↑ (S + S′)
V ⊕ V∗
j
−→ TTM
where, ∀Z ∈ TTM ,
i−1Z = (prHZ, ♭γS
′prVZ), j
−1Z = (prVZ, ♭γSprHZ). (2.14)
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2.2 Generalized geometry
A metric algebroid [10] is a metric vector bundle (E, g) with an anchor ρ : E →
TM and a skew-symmetric bracket [ , ] such that
(ρe)(g(e1, e2)) = g([e, e1] + ∂(g(e, e1)), e2) + g(e1, [e, e2] + ∂(g(e, e2))), (2.15)
where e, e1, e2 ∈ ΓE and, for any function f , ∂f is defined by (ρe)f = 2g(∂f, e).
One can show that (2.15) has the consequence [10]
[e1, fe2] = f [e1, e2] + (ρe1)(f)e2 − g(e1, e2)∂f. (2.16)
A Courant algebroid is a metric algebroid that also satisfies the axioms [6]:
ρ[e1, e2] = [ρe1, ρe2], ρ ◦ ∂ = 0,
∑
Cycl
[[e1, e2], e3] = (1/3)∂
∑
Cycl
g([e1, e2], e3).
The basic example of a Courant algebroid is the big tangent bundle TM =
TM ⊕ T ∗M with the anchor defined by (X,α) 7→ X . The structure group of
TM has a natural reduction to O(m,m) given by the neutral metric (i.e., of
signature zero)
g(X,Y) =
1
2
(α(Y ) + µ(X)), (2.17)
where X = (X,α),Y = (Y, µ) with X,Y either vectors or vector fields and α, µ
either covectors or 1-forms. The Courant bracket of TM is
[X,Y] = ([X,Y ], i(X )dµ − i(Y)dα−
1
2
d(α(Y )− µ(X)).
Furthermore, assume that M is a foliated manifold with a foliation F . For
any choice of a horizontal bundle H, TM = H ⊕ TF , the bundle TM has
the decomposition TM = H ⊕ TF , where H = H ⊕ H∗, TF = TF ⊕ T ∗F
and H∗ = ann(TF), T ∗F = ann(H). Accordingly, the Courant bracket on M
induces the following brackets on H and TF :
[(X,α), (X ′, α′)]H = prH[(X,α), (X
′, α′)]
= (prH[X,X
′], i(X)d′α′ − i(X ′)d′α− 12d
′(α(X ′)− α′(X))),
(2.18)
where X,X ′ ∈ H, α, α′ ∈ annTF and d′ = d|H;
[(Y, ν), (Y ′, ν′)]F = prTF [(Y, ν), (Y
′, ν′)]
= ([Y, Y ′], i(Y )d′′ν′ − i(Y ′)d′′ν − 12d
′′(ν(Y ′)− ν′(Y ))),
where Y, Y ′ ∈ TF , ν, ν′ ∈ annH and d′′ is exterior differentiation along the
leaves of F .
Moreover, the bundles H,TF have neutral metrics induced by g and an-
chors ρH(X,α) = X, ρF(Y, ν) = Y . The operations (g|TF , ρF , [ , ]F ) are the
restrictions of the Courant algebroid operations of the big tangent bundle of
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the sum of the leaves of F to sections that are differentiable with respect to
the original C∞-structure of M . Therefore, these operations make TF into a
Courant algebroid. On the other hand, the metric property (2.15) of the classi-
cal Courant bracket implies the same property for (g|H, ρH, [ , ]H), therefore, H
is a metric algebroid. But, unless H is integrable, H is not a Courant algebroid
since ρH[(X,α), (X
′α′)]H 6= [X,X ′].
On a manifold M , generalized geometric structures are defined by reducing
the structure group O(m,m) of the big tangent bundle TM to a subgroup and
integrability is defined by Courant bracket conditions (instead of Lie bracket
conditions). The most studied were the generalized complex structures, alone
and in conjunction with generalized Riemannian metrics and generalized Ka¨hler
metrics [5]. These structures also have applications in string theory [14]. Below,
we present similar structures on the vector bundle π−1(TM)→ TM . In other
words, we refer to velocity dependent generalized (v.d.g.) geometry.
Definition 2.3. A v.d.g. (pseudo-)Riemannian metric is a (pseudo-)Euclidian
metric G on π−1(TM), which has a non degenerate restriction to π−1(T ∗M)
and satisfies the g-compatibility condition
♯G ◦ ♭g = ♯g ◦ ♭G . (2.19)
We shall briefly recall the following basic result [5] (see also [11]), which also
allows us to establish more of the required terminology.
Proposition 2.1. The v.d.g. metrics are in a bijective correspondence with
pairs (σ, ψ) where σ is a non degenerate metric on π−1(TM) and ψ is a 2-form,
ψ ∈ Γ ∧2 π−1(T ∗M).
Proof. Define
H = ♯G ◦ ♭g = ♯g ◦ ♭G ∈ End(π
−1(TM)),
equivalently,
G((X , α), (Y, β)) = g(H(X , α), (Y, β)), (2.20)
where X ,Y ∈ π−1(TM), α, β ∈ π−1(T ∗M). The symmetry of G and condition
(2.19) may be written as
g(H(X , α), (Y, β)) = g((X , α), H(Y, β)), H2 = Id. (2.21)
Therefore, H is a product structure on the bundle π−1(TM) and π−1(TM) =
V+ ⊕ V− where the terms are the ±1-eigenbundles of H . Furthermore, it
was proven in [11] that the non-degeneracy of G|π−1(T∗M) is equivalent with
π−1(T ∗M) ∩ V± = 0. Thus, we see that there exists a bijective correspondence
between v.d.g. metrics G and the (necessarily para-complex) structures H that
satisfy (2.21) and the condition π−1(T ∗M) ∩ V± = 0.
Such a structure H may be represented under the following matrix form
H
(
X
α
)
=
(
Q ♯σ
♭β
tQ
)(
X
α
)
, (2.22)
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where the index t denotes transposition and: 1) β, σ ∈ Γ ⊙2 (π−1(T ∗M)), σ
is non degenerate, 2) Q ∈ End(π−1(TM)) and the three tensors satisfy the
equalities
Q2 + ♯σ ◦ ♭β = Id, Q ◦ ♯σ = −♯σ ◦
tQ, tQ ◦ ♭β = −♭β ◦Q. (2.23)
This shows that the v.d.g. metrics correspond bijectively to the pairs (σ,Q)
and, if we define the form ψ by the condition ♭ψ = −♭σ ◦Q, we are done.
Remark 2.1. The condition π−1(T ∗M) ∩ V± = 0 implies that the projection
π−1(TM)→ π−1(TM) restricts to isomorphisms between V± ≈ π−1(TM) and
the inverse isomorphisms ι± : π
−1(TM)→ V± are given by ι±(X ) = (X , ♭ψ±σX )
[5].
A connectionD on π−1(TM) is a paracomplex connection if it commutes with
the paracomplex structure H . There exists a bijective correspondence between
paracomplex connections D and pairs of connections (D+, D−) on π−1(TM).
Indeed, D is paracomplex iff the parallel translations preserve the subbundles
V±. This is equivalent with the requirement that D be of the form
DZ(ι±Y) = ι±(D
±
ZY) (Z ∈ χ(TM),Y ∈ Γπ
−1(TM)), (2.24)
where D± is the required pair. Formula (2.24) implies the same relation for
curvature, i.e.,
RD(Z,Z
′)(ι±Y) = ι±(RD±(Z,Z
′)Y). (2.25)
Furthermore, a connection D on π−1(TM) is a double metric connection if
parallel translations preserve the metrics g and G, and there exists a bijective
correspondence between double metric connections D on π−1(TM) and pairs
(D+, D−) of σ-preserving connections on π−1(TM). Indeed, the connection D
preserves the pair of metrics (g,G) iff it preserves the subbundles V± and their
metrics (ι−1± )
∗σ. Hence, D is a paracomplex connection of the form (2.24) and
connections D± must preserve the metric σ.
Definition 2.4. A v.d.g. almost complex structure is an endomorphisms J of
π−1(TM) such that
J 2 = −Id, g((X , α),J (Y, β)) + g(J (X , α), (Y, β)) = 0.
J may be represented by
J
(
X
α
)
=
(
A ♯w
♭b − tA
)(
X
α
)
, (2.26)
b ∈ Γ ∧2 π−1(TM∗), w ∈ Γ ∧2 π−1(TM), A ∈ Endπ−1(TM),
where
A2 + ♯w ◦ ♭b = −Id, A ◦ ♯w = ♯w ◦
tA, tA ◦ ♭b = ♭b ◦A.
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A pair (G,J ) consisting of a v.d.g. (pseudo-)Riemannian metric and a v.d.g.
almost complex structure on π−1(TM) is compatible or a v.d.g. almost (pseudo-
)Hermitian structure if H ◦ J = J ◦H . Then, J preserves V± and it induces
complex structures in V±. Therefore, a v.d.g. almost (pseudo-)Hermitian struc-
ture is equivalent with a quadruple (σ, ψ, J±) where J± are almost complex
structures of π−1(TM), compatible with σ. If one replaces the pair (J+, J−) by
(J+,−J−), one gets the complementary structure J ′ = H ◦ J [5].
In the usual case of TM , a generalized almost complex structure is inte-
grable iff the Courant-Nijenhuis torsion, defined by replacing the Lie brackets
by Courant brackets in (2.2), vanishes and a compatible pair (G,J ) is a gener-
alized (pseudo-)Ka¨hler structure if both J and J ′ are integrable.
In the v.d.g. case, we may define the vertical version of v.d.g. structures by
transferring from π−1(TM) to V ⊕ V∗ via the isomorphism v. Then, we may
define vertical integrability of the structure J by the vanishing of the vertical
Courant-Nijenhuis torsion, constructed with the vertical Courant bracket. This
is not very interesting since it reduces to the usual case along the sum of the
vertical leaves with the supplementary requirement that differentiability be with
respect to the original differential structure of M .
Example 2.1. Let J be a generalized almost complex structure of the manifold
M , which has the corresponding matrix representation (2.26) with entries F ∈
EndTM, π ∈ Γ ∧2 TM,̟ ∈ Ω2(M). Define corresponding vertical tensors
AXv = (FX)v, w(λv ◦ S′, µv ◦ S′) = π(λ, µ),
b(Xv, Y v) = ̟v(S′Xv, S′Y v),
where the index v denotes vertical lift and S′ is defined using an arbitrary
horizontal bundle. The result is the vertical version of a v.d.g. almost complex
structure J since the required algebraic conditions for A,w, b follow from the
corresponding conditions for F, π,̟. This structure J is the vertical lift of
J . Using the fact that the local components of A,w, b with respect to the basis
∂/∂yi depend only on x, it is easy to check that J is always vertically integrable
even if J is not integrable on M .
Example 2.2. Let (G, J) be a generalized almost Hermitian structure on M
and let h be the almost-paracomplex structure that corresponds to G. We
may define the vertical lift of h as we did for J in Example 2.1 and get a
vertical generalized metric G. We also have the vertically integrable lift J of J .
The algebraic relations satisfied by G, J hold G,J too, and the complementary
structure J ′ will be the vertical lift of Jc. By the conclusion of Example 2.1, J ′
is vertically integrable too and (G,J ) is a vertical, generalized Ka¨hler structure.
3 Generalized metrics on tangent manifolds
Velocity dependent generalized structures become of interest for the geometry
of tangent manifolds if they are transferred to TTM by the intermediary of
H = H⊕H∗.
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3.1 Generalized Sasaki metrics
Let G be a v.d.g. (pseudo-)Riemannian metric on M , associated with the para-
complex structure H represented by (2.22). Then, h sends the related tensors
G, σ, ψ, β,Q of Section 2.2 to horizontal tensors, which we will denote by the
same symbols. The pair (H, σ) produces a subordinated tangent metric γ on
TM , which, in turn, yields a canonical identification i.
Definition 3.1. A (pseudo-)Riemannian metric G of the tangent manifold TM
defined by the i ◦ h-transfer of a v.d.g. metric G of π−1(TM) will be called a
generalized Sasaki metric.
Proposition 3.1. The generalized Sasaki metric G is given by the following
values on horizontal and vertical arguments:
2G(Z,Z ′) =


β(Z,Z ′) if Z,Z ′ ∈ H,
−ψ(Z, S′Z ′) if Z ∈ H,Z ′ ∈ V ,
σ(S′Z, S′Z ′) if Z,Z ′ ∈ V .
(3.1)
Proof. Using formula (2.14), it follows that the metric g|H defined by (2.17)
transfers to the metric
gH(Z,Z
′) =
1
2
[σ(S′prVZ, prHZ
′) + σ(S′prVZ
′, prHZ)], (3.2)
where Z,Z ′ ∈ TTM . (This metric is compatible with the almost paracomplex
structure F defined by F |H = Id, F |V = −Id, i.e., (g, F ) is an almost para-
Hermitian structure.)
From the relations (2.23) we get
♭β = ♭σ ◦ (Id−Q
2) = ♭γ ◦ (Id−Q
2). (3.3)
Then, using (2.14) again, we see that the identification i defined by γ sends H
to the almost paracomplex structure of TM given by
HZ = (Q+ S ◦ (Id−Q2))prHZ + (S
′ − SQS′)prVZ, Z ∈ χ(TM). (3.4)
Now, the required result follows from (3.4) and (2.20).
Proposition 3.2. A generalized Sasaki metric is equivalent with a pair (γ,Φ)
where γ is a tangent metric, Φ is a γ-symmetric endomorphism of TTM such
that Φ ◦ PH ◦ Φ = PH.
Proof. For a generalized Sasaki metric, formula (3.2) and the definition PH =
S + S′ imply the equivalence between the first equality (2.21) and the equality
γ((PH ◦H)Z,Z
′) = γ(Z, (PH ◦H)Z
′). (3.5)
This shows that the generalized Sasaki metrics are in a bijective correspondence
with pairs (γ,H) where γ is a tangent metric, H is an almost product structure
and (3.5) holds. Therefore, if we take Φ = PH ◦ H , the required conclusion
follows because P 2H = Id.
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Notice also the following consequence of formulas (3.2), (2.20) and (2.9):
G(Z,Z ′) =
1
2
γ(HZ, PHZ
′) =
1
2
γ((PH ◦H)Z,Z
′).
If ψ = 0, we have Q = 0, H = PH,Φ = Id. Furthermore, if σ is defined by a
metric of M and if H is the horizontal bundle of the Levi-Civita connection of
σ, then, (3.1) is half the usual Sasaki metric.
If G is a generalized Sasaki metric andH is the corresponding para-Hermitian
structure, the pair (G, H) is a (pseudo-)Riemannian almost para-complex-product
structure, i.e., it satisfies the condition G(HZ,Z ′) = G(Z, HZ ′) and H is al-
most para-complex. We will consider linear connections of TM that preserve
the structure (G, H). Since this is equivalent with the preservation of (G, gH),
the connections are double metric connections.
Proposition 3.3. Let D be a double metric connection on π−1(TM) ≈ H
with the corresponding pair D± of connections on H. Define the connection
D0 = (D+ +D−)/2 and put
D±ZX = D
0
ZX ± λZX ,
where Z ∈ TTM,X ,X ′ ∈ H and σ(λZX ,X ′) + σ(X , λZX ′) = 0. Then, i
transfers the connection D to the following linear connection of the manifold
TM
DZ(SX ) = SD0ZX + (Id− SQ)λZX ,
DZX = D
0
ZX + λZ(QX ) + S[(D
0
ZQ)X + λZX −QλZ(QX )].
(3.6)
Proof. The pairD± was defined in Section 2.2. Calculating the mapping i◦h◦ι±
we get the horizontal version of ι±:
ι±X = X + S♯σ♭ψ±σX = X − SQX ± SX , X ∈ H,
whence
ι+X − ι−X = 2SX , ι+X + ι−X = 2(X − SQX ). (3.7)
If we solve (3.7) for X , SX , calculate DZ with (2.24) and use again (3.7) for the
results, we get (3.6).
If D+ = D−, λ = 0 and the connection D preserves the vertical bundle. In
the definition below we introduce the simplest canonical double metric connec-
tion.
Definition 3.2. The double metric connection defined by the pair D+ = D− =
∇C |H, where ∇C is the Cartan connection (2.11), will be called the double metric
Cartan connection and it will be denoted by DC .
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Using formulas (3.6) and (2.11), we get
DCXX
′ = ∇DXX
′ + S((∇DXQ)X
′), DCXY = S∇
D
X (S
′Y),
DCYX = ∇
D
YX +Ψ(Y,X ) + S[(∇
D
YQ)X +Ψ(Y, QX )−QΨ(Y,X )],
DCYY
′ = S[∇DY (S
′Y ′) + Ψ(Y, S′Y ′)],
(3.8)
where X ,X ′ ∈ H,Y,Y ′ ∈ V .
Following are the results of the standard computation of the torsion and
curvature of connection DC and some consequences.
From (3.8) and (2.8), we get
TDC(X ,X
′) = −prV [X ,X ′]− S[∇DX (QX
′)−∇DX ′(QX )
−QprH[X ,X ′]],
TDC(Y,Y
′) = S[Ψ(Y, S′Y ′)−Ψ(Y ′, S′Y)],
TDC(X ,Y) = −∇
D
XY −Ψ(Y,X ) + S[∇
D
X (S
′Y)− (∇DYQ)X
−Ψ(Y, QX ) +QΨ(Y,X )],
(3.9)
where the second formula holds at every point and it holds for vector fields
Y,Y ′ if the fields S′Y, S′Y ′ are assumed to be projectable to M . For arbitrary,
vertical vector fields, we have
TDC(Y,Y
′) = ∇DY (S
′Y ′)−∇DY′(S
′Y)− [Y,Y ′] + S[Ψ(Y, S′Y ′)−Ψ(Y ′, S′Y)].
If S′Y, S′Y ′ are projectable, the first two terms vanish and so does the third,
since the vanishing of the Nijenhuis tensor (2.2) of S yields
[Y,Y ′] = [S(S′Y), S(S′Y ′)] = S([Y, S′Y ′] + [S′Y,Y ′]) = 0
(S is applied to a vertical field).
Formulas (3.9) lead to an expression of the Levi-Civita connection DG of a
generalized Sasaki metric G:
DGZZ
′ = DCZZ
′ −
1
2
TDC(Z,Z
′) +
1
2
Ξ(Z,Z ′), (3.10)
where Z,Z ′ ∈ TTM and Ξ is defined by
G(Ξ(Z,Z ′),Z ′′) = G(Z ′, TDC(Z,Z
′′)) + G(Z, TDC(Z
′,Z ′′)).
(Check that the connection defined by the right hand side of (3.10) preserves G
and has no torsion.)
In view of (2.25), the calculations that gave formulas (3.6) hold for the
curvature operator too and we get
RDC(Z,Z
′)(X ) = R∇C (Z,Z
′)(X ) + S[R∇C (Z,Z
′)(QX )
−QR∇C(Z,Z
′)(X )],
RDC(Z,Z
′)(SX ) = SR∇C (Z,Z
′)(X ).
(3.11)
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We may also express RDC by means of R∇D , where ∇
D is the canonical
connection of the subordinated tangent metric γ by using the known relation
between the curvature of two connections, which is
R∇C (Z,Z
′)Z ′′ = R∇D (Z,Z
′)Z ′′ +∇DZ (Ψ(Z
′,Z ′′))−∇DZ′(Ψ(Z,Z
′′))
+Ψ(Z,∇DZ′Z
′′)−Ψ(Z ′,∇DZZ
′′)−Ψ([Z,Z ′],Z ′′)
+Ψ(Z,Ψ(Z ′,Z ′′))−Ψ(Z ′,Ψ(Z,Z ′′)).
(3.12)
The full expression of (3.12) occurs if Z,Z ′ ∈ V ,Z ′′ ∈ H. In the other cases,
if we denote by X ,Y horizontal and vertical arguments, respectively, since Ψ
vanishes unless its arguments are (Y,X ), we have
R∇C (Z,Z
′)Y = R∇D (Z,Z
′)Y,
R∇C (X ,X
′)X ′′ = R∇D (X ,X
′)X ′′ −Ψ(prV [X ,X ′],X ′′),
R∇C (X ,Y)X
′ = R∇D (X ,Y)X
′ +∇DX (Ψ(Y,X
′))
−Ψ(Y,∇DXX
′)−Ψ(prV [X ,Y],X ′).
(3.13)
In all the cases, the difference between the two curvatures is horizontal.
Proposition 3.4. Let G be a generalized Sasaki metric of TM defined by the
horizontal lift of a pair (s, ζ), where s is a (pseudo-)Riemannian metric of M
and ζ ∈ Ω2(M) is a 2-form that is parallel with respect to the Levi-Civita con-
nection of s. Then, the double metric Cartan connection DC of G is equal to its
Levi-Civita connection DG iff the metric s is flat and H is the horizontal bundle
of the Levi-Civita connection of s.
Proof. Consider the horizontal lifts σ = sh, ψ = ζh. Since σ is projectable, the
Cartan tensor and the tensor Ψ vanish and ∇C coincides with the canonical
connection ∇D. Furthermore, the Levi-Civita parallelism of s, ζ implies ∇DXσ =
0,∇DXψ = 0 for X ∈ H and, on the other hand, we get ∇
D
Y σ = 0,∇
D
Yψ = 0 by
evaluating on projectable vector fields. Thus, σ, ψ are ∇D-parallel tensors and
Q = −♯σ ◦ ♭ψ yields ∇DZQ = 0. Correspondingly, (3.8), (3.9) give the following
results
DCZX = ∇
D
ZX , D
C
ZY = S ◦ ∇
D
Z ◦ S
′(Y),
TDC(X ,X
′) = −prV [X ,X ′], TDC(Y,Y
′) = 0,
TDC(X ,Y) = S(∇
D
XS
′)(Y),
(3.14)
where X ∈ H,Y ∈ V ,Z ∈ TTM .
DC is the Levi-Civita connection of G iff TDC = 0. With the torsion for-
mulas (3.14), we see that TDC(X ,X
′) = 0 iff H is integrable. We claim that
H is integrable iff M is a locally affine manifold and H is the horizontal bun-
dle associated with the natural, flat, torsionless linear connection of the affine
structure of M . Indeed, if M,H are as indicated and if (xi) are local affine
coordinates on M , then, we have Xi = ∂/∂x
i, therefore, H is integrable. Con-
versely, if H is integrable, TM has an atlas of local coordinates (ui, vj) such
that H = span{∂/∂ui}, V = span{∂/∂vi}.
13
Consequently, the local system of equations ui = const. is equivalent to xi =
const. and ui are lifts of local coordinates ofM with coordinate transformations
of the local form u˜i = u˜i(uj). With respect to the coordinates (ui, u˙i) of TM ,
where u˙i are vector coordinates on M with respect to the tangent basis ∂/∂ui,
the coefficients tji of the nonlinear connection H given by (2.3) vanish. But,
the transformation rule (2.5) tells us that we can have tji = 0, t˜
j
i = 0 under a
coordinate changes u˜i = u˜i(uj) iff ∂u˜i/∂uj = const. Therefore, ifH is integrable,
M has a locally affine structure with the local, affine coordinates (ui) and H is
the horizontal bundle of the corresponding flat, torsionless linear connection.
Finally, for TDC(X ,Y) = 0, it suffices to take X = ∂/∂u
i, Y = ∂/∂u˙j. Then,
by (3.14), the condition reduces to ∇D∂/∂ui(∂/∂u
j) = 0 and, by the definition of
∇D, this holds iff D∂/∂ui(∂/∂u
j) = 0, where D is the Levi-Civita connection of
s on M . Therefore, D has zero curvature and we are done.
Example 3.1. If M is a Ka¨hler manifold with metric g and Ka¨hler form Ω,
TM has a nice generalized Sasaki metric, say GΩ,, which satisfies the hypotheses
of Proposition 3.4 and is defined by taking σ = gh, ψ = Ωh.
For another application, we refer to the Einstein-Cartan version of relativity
theory [7]. A differentiable manifold N endowed with a (pseudo-)Riemannian
metric g and a g-metric connection ∇ with torsion will be called an Einstein-
Cartan space, and the metric is an Einstein-Cartan metric, if it satisfies the fol-
lowing Einstein-Cartan equation, which is a particular case of the symmetrized
Einstein-Cartan-Sciama-Kibble equation (23) of [7]
Ric∇(Z,Z
′) +Ric∇(Z
′,Z) = 2λG(Z,Z ′) (Z,Z ′ ∈ TN). (3.15)
In (3.15), Ric∇ denotes the (not necessarily symmetric) Ricci curvature of the
connection ∇.
We calculate the Ricci tensor of the double metric Cartan connection of
a generalized Sasaki metrics G under the supplementary hypothesis that the
horizontal tensor β is non degenerate. By (3.3), this condition is equivalent to
rank(Id−Q2) = m, therefore to the fact that Q2 does not have the eigenvalue
1. From (2.23) and (3.3) we get
β(X ,X ) = σ(X ,X ) + σ(QX , QX ),
hence, if σ is positive definite, β is non degenerate and positive definite too.
Then, there are local, horizontal, β-(pseudo-)orthonormal bases (Eβi ) (i =
1, ...,m) and local, horizontal, σ-(pseudo-)orthonormal bases (Eσi ) and (E
β
i , SE
σ
i )
are local, tangent bases of TM where Eβi is not G-perpendicular to SE
σ
i . The
corresponding dual cotangent bases are (ǫiβ , ǫ
i
σ ◦ S
′) where ǫiβ, ǫ
i
σ ∈ annV and
ǫiβ(E
β
j ) = δ
i
j , ǫ
i
σ(E
σ
j ) = δ
i
j.
The Ricci tensor is the trace of the curvature operator, therefore,
RicDC(Z
′,Z) = ǫiβ(RDC(E
β
i ,Z)Z
′) + (ǫiσ ◦ S
′)(RDC(SE
σ
i ,Z)Z
′).
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Furthermore, with (3.11), we get
RicDC(Y,Z) = ǫ
i
σ(R∇C (SE
σ
i ,Z)(S
′Y)),
RicDC(X ,Z) = ǫ
i
β(R∇C (E
β
i ,Z)X ) + (ǫ
i
σ ◦ S
′)(R∇C (SE
σ
i ,Z)X )
+ ǫiσ(R∇C (SE
σ
i ,Z)(QX )−QR∇C (SE
σ
i ,Z)X ),
(3.16)
where X ∈ H,Y ∈ V .
Proposition 3.5. A generalized Sasaki metric such that the metric σ is pro-
jectable to M and β is non degenerate is Einstein-Cartan iff RicDC = 0 and
this condition is equivalent to the fact that the projection of σ to M is a Ricci
flat metric.
Proof. Since σ is projectable, we have Ψ = 0 and (3.12) shows that we may
replace R∇C by R∇D in (3.11). The curvature of the canonical connection ∇
D
always satisfies the condition R∇D (Y,Y
′)X = 0. In the σ-projectable case, it
also satisfies the condition R∇D (Y,X
′)X = 0 and
R∇D (X
′,X ′′)X = [RDσ (π∗X
′, π∗X
′′)(π∗X )]
h,
where Dσ is the Levi-Civita connection of the projection of σ to M (check from
the definitions or see the local calculations of [8]). Then, formulas (3.16) yield
RicDC(Y,Z) = 0, RicDC(X ,Y) = 0, RicDC(X
′,X ) = [RicDσ(X
′,X )]h. (3.17)
(Notice that the trace required in the right hand side of the last equality
(3.17) is calculated with the non prMσ-(pseudo-)orthonormal basis E
β
i .) Since
G|V = (1/2)σ, the first equality (3.17) shows that the Einstein-Cartan con-
dition (3.15) may hold only for λ = 0. Then, (3.15) necessarily holds for
pairs of arguments (Y ′,Y), (X ,Y) and it implies the vanishing of the sym-
metrized tensor RicDC(X
′,X ) + RicDC(X ,X
′). But the third equality (3.17)
shows that RicDC(X
′,X ) is symmetric, hence, the Einstein-Cartan condition
holds iff RicDC(X
′,X ) = 0, equivalently, prMσ is Ricci flat. The converse, i.e.,
that RicDC = 0 implies (3.15), is obvious; we just have to take λ = 0.
Remark 3.1. Another canonical double metric connection can be obtained in
the following way. Let DgH be the Levi-Civita connection of the almost para-
Hermitian metric gH. Define a new connection D˜gH by the formulas
D˜gHι±X (ι±X
′) = prV±D
gH
ι±X
(ι±X
′), D˜gHι±X (ι∓X
′) = prV∓ [ι±X , ι∓X
′]H,
where X ,X ′ ∈ H and the horizontal metric bracket (2.18) is transferred to
TTM by i, i.e.,4
[U ,U ′]H = i[i
−1U , i−1U ′]H, U ,U
′ ∈ χ(TM).
4Hereafter, this identification will be used whenever needed without further notice.
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We check that D˜gH is a connection by using property (2.16) and the fact that
V± are gH-orthogonal.
Now, if we take the connection
DgH,GZ Z
′ = D˜gHZ Z
′ +
1
2
♯gH♭(D˜gHZ gH)
Z ′ (Z,Z ′ ∈ TTM),
a straightforward calculation yields DgH,GZ gH = 0. On the other hand, since
D˜gH preserves the subbundles V±, we have
gH(♯gH♭(D˜gHZ gH)
Z ′,U) = D˜gHZ gH(Z
′,U) = 0
if Z ′ ∈ V±,U ∈ V∓ (Z ∈ TTM).
This shows that the connection DgH,G also preserves V±, hence, it commutes
with H and it is a double metric connection.
3.2 Generalized Sasaki-Ka¨hler metrics
Now, we are going to relate the metrics with generalized complex structures.
The motivation for the material considered in this section is the string theory
significance of generalized complex and Ka¨hler structures on the big tangent
bundle TM , e.g., [14]. One may hope that similar structures on the bundle
π−1TM and the corresponding transferred structures to TTM will retain some
of that significance.
Let J be a v.d.g. almost complex structure, represented by the matrix (2.26)
where the entries are seen as horizontal tensors, and let G be a generalized
Sasaki metric. By the canonical identification i defined by the subordinated,
tangent metric γ of G, J goes to iJ i−1Z where i−1 is given by (2.14) and
i(X , α) = X + S♯γα (X ∈ H, α ∈ annV). The result is the following almost
complex structure on TM , which we continue to denote by J :
JZ = AprHZ + ♯w♭γ(S
′Z) + S♯γ(♭bprHZ − (♭γ(S
′Z)) ◦A). (3.18)
The structure J satisfies the gH-compatibility condition
gH(JZ,Z
′) + gH(Z,JZ
′) = 0, (3.19)
equivalently,
γ(PHJZ,Z
′) + γ(PHJZ
′,Z) = 0. (3.20)
Conversely, any almost complex structure J of TM that satisfies (3.19) may
be identified with a v.d.g. almost complex structure J . Formula (3.18) suggests
the following entries of the matrix (2.26) of the required structure J
A = prH ◦ J, ♭b = ♭γ ◦ S
′ ◦ prV ◦ J, ♯w = prH ◦ J ◦ S ◦ ♯γ .
The endomorphism of π−1(TM) defined by the proposed matrix transfers to
iJ i−1Z = prHJZ + prVJprHZ − S♯γ [(♭γS
′prVZ) ◦ prH ◦ J],
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where last term is a vertical vector Θ. If we calculate γ(Θ,Y) for Y ∈ V and
use the properties of γ, S, S′ and the compatibility relation (3.20), we deduce
Θ = prVJprVZ. Therefore, the total result is exactly JZ and we are done.
Since gH is a neutral metric, the almost complex structures of TM that
satisfy condition (3.19) will be called neutral almost complex structures. Fur-
thermore, if the pair (G,J ) is a v.d.g. almost Hermitian structure, the almost
complex structure (3.18) is compatible with the generalized Sasakian metric G
and (G,J ) is a generalized, Sasakian, almost Hermitian structure.
We shall transfer the integrability condition of the v.d.g. structure J to the
corresponding neutral structure (3.18).
Definition 3.3. A neutral almost complex structure J is horizontally inte-
grable, and the word “almost” is dropped, if the ±i-eigenbundles of J are closed
under the horizontal, metric bracket [ , ]H (extended by complex linearity).
Proposition 3.6. The neutral almost complex structure J is integrable iff one
of the following equivalent conditions is satisfied:
(i) NHJ (Z,Z
′) = [JZ,JZ ′]H −J [JZ,Z ′]H −J [Z,JZ ′]H +J 2[Z,Z ′]H = 0,
(ii) NC
J˜
(i−1Z, i−1Z ′) = [J˜ i−1Z, J˜ i−1Z ′]C − J˜ [J˜ i−1Z, i−1Z ′]C
− J˜ [i−1Z, i−1J˜ i−1Z ′]C + J˜ 2[i−1Z, i−1Z ′]C ∈ TV,
where Z,Z ′ ∈ χ(TM) and the symbol N is used to remind the Nijenhuis tensor.
In (ii), the index C stays for the usual Courant brackets on TM and, taking
into account the decomposition TTM = H ⊕ TV, J˜ ∈ End(TTM) is defined
by
J˜ = J ◦ prH + v ◦ h
−1 ◦ J ◦ h ◦ v−1 ◦ prTV .
Proof. Obviously, J˜ 2 = −Id. On the other hand, for the neutral metric g of
TTM we have g = g|H + g|TV and (2.13) shows that h ◦ v−1 transfers the
metric g|TV into g|H. Then, since J is compatible with gH, it follows that J˜ is
compatible with g, hence, J˜ is a generalized almost complex structure on TTM
andNC
J˜
is its Courant-Nijenhuis torsion [5]. The equivalence between horizontal
integrability of J and (i) follows by evaluating the horizontal Courant-Nijenhuis
torsion NHJ on pairs of ±i-eigenvectors. The equivalence between (i) and (ii)
follows from the fact that the Courant bracket on TTM is the sum of the
horizontal and the vertical brackets.
The horizontal integrability conditions may be expressed in terms of the
entries of the matrix (2.26).
Proposition 3.7. The horizontal almost complex structure J of (3.18) is in-
tegrable iff it satisfies the conditions
pr∧3H[w,w] = 0, prH ◦R(w,A) = 0,
prH{NA(X ,X ′)− ♯w[(i(X ′)i(X )d′b)]} = 0,
d′bA(X ,X ′,X ′′) =
∑
Cycl(X ,X ′,X ′′) d
′b(AX ,X ′,X ′′),
(3.21)
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where R is the Schouten concomitant, the calculus operations are on TM and
the arguments are horizontal.
Proof. We recall the definition of the Schouten concomitant [9]:
R(w,A)(X,α) = ♯w[LX(α ◦A)− LAXα]− (L♯wαA)(X).
In [4], during the proof of Proposition 2.2, it was shown that, on any manifold
M , a generalized almost complex structure J˜ ∈ End(TM) represented by a
matrix (2.26), where the entries are tensors A˜, w˜, b˜ on M , satisfies the following
conditions (up to notation)
< γ, prTMNCJ˜ ((0, α), (0, β)) >= [w˜, w˜](α, β, γ),
prTMNCJ˜ ((X, 0), (0, , α)) = R(w˜,A˜)(X,α),
prTMN
C
J˜
((X, 0), (Y, 0)) = NA˜(X,Y )− ♯w˜[i(Y )i(X)db˜],
< prT∗MNCJ˜ ((X, 0), (Y, 0)), Z >= db˜A˜(X,Y, Z)
−
∑
Cycl(X,Y,Z) db˜(A˜X, Y, Z).
(3.22)
In (3.22), α, β, γ ∈ Ω1(M) and X,Y, Z ∈ χ(M). Moreover, it was shown that
the vanishing of the four projections that enter in formulas (3.22) implies the
vanishing of the Courant-Nijenhuis torsion of J˜ .
For the structure J˜ defined in Proposition 3.6 the manifold is TM and the
tensor fields of (3.22) are A˜ = A⊕A′, w˜ = w⊕w′, b˜ = b⊕b′. The sum corresponds
to TTM = H⊕V and the prime denotes the transfer from horizontal to vertical
by h ◦ v−1. The resulting formulas together with (ii), Proposition 3.6, yield the
integrability conditions (3.21).
Example 3.2. A generalized almost complex structure J onM has a horizontal
lift, which defines a neutral almost complex structure Jh on TM . Since Jh is
projectable to M , the local coordinate expression of the integrability conditions
(3.21) of Jh is the same as that of the integrability conditions of J onM . Hence,
Jh is horizontally integrable iff J is integrable.
Example 3.3. Consider a v.d.g. almost complex structure where the entries
w, b of the matrix (2.26) are zero and A = J . Then, J is a velocity dependent
almost complex structure, which we will see as a horizontal tensor with J2 =
−Id. This structure is horizontally complex (integrable) if
prH[JX , JX
′] = 0 ⇔ [J˜X , J˜X ′] ∈ V , (3.23)
where X,X ′ ∈ H and J˜ = J ⊕ (SJS′) with ⊕ referring to the decomposition
TTM = H ⊕ V . As in the usual case, condition (3.23) is equivalent with the
fact that the ±i-eigenbundles E± of J are closed with respect to the horizon-
tal projection of the Lie bracket. If J is projectable, this means that J is a
transversal complex structure of the foliation V . If J = jh + (αiy
i)fh, where j
is an almost complex structure on M , f is a 2-nilpotent endomorphism of TM
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that anticommutes with j and α ∈ Ω1(M), then, J2 = −Id and the horizontal
integrability condition is equivalent to the system of conditions
prHNjh = 0, prHNfh = 0,
[jhX , fhX ′]H + [fhX , jhX ′]H − jh([fhX ,X ′]H + [X , fhX ′]H)
−fh([jhX ,X ′]H + [X , jhX ′]H) = 0.
Example 3.4. A v.d. horizontally symplectic structure is a horizontal, non-
degenerate 2-form ω such that d′ω = 0. As in usual generalized geometry [5],
the matrix (2.26) with A = 0, b = ω,w = ω−1 defines a v.d.g. structure J that
is horizontally integrable.
Finally, we may give the following definition.
Definition 3.4. The generalized Sasaki, almost Hermitian structure (G,J ) is
a generalized Sasaki-Ka¨hler structure if the structure J and its complementary
structure J ′ are horizontally integrable.
Example 3.5. Consider the horizontal lift of all the tensors that define a gen-
eralized Ka¨hler metric of M [5] from M to TM . Everything in this lift is pro-
jectable and the generalized Sasaki-Ka¨hler conditions for the lift coincides with
the generalized Ka¨hler conditions for the original structure of M . Therefore,
the horizontal lift is a generalized Sasaki-Ka¨hler structure.
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